In this work we study the existence and uniqueness of solutions for a second order semilinear δ-α-γ-evolution equation with fractional damping term which includes some partial differential equations as plate equation under effects of rotational inertia or not and Boussinesq type that can model hydrodynamics problems.
Introduction
We consider in this work the following Cauchy problem for a second order generalized δ-α-γ-evolution equation with a fractional damping in R n ,
where u = u(t, x) with (t, x) ∈ ]0, ∞[×R n , b, a > 0, β ∈ R constants, p > 1 a integer and u 0 , u 1 are the initial data. The exponents δ, α, θ and γ of the Laplacian operator are such that 0 ≤ δ ≤ 2, 0 ≤ α ≤ 2, 0 ≤ θ ≤ (2 + δ)/2 and 0 ≤ γ ≤ (2 + δ)/2.
Abstract Semilinear Problem: Existence of Solution
Let X be a Banach space and B a linear operator of X. Consider the abstract Cauchy problem
and F is a function not linear. 
, there exist only one strong solution U of Cauchy problem (2) defined in a maximal interval [0, T m [ such that only one of the following conditions is true
The solution U of Cauchy problem (2) belongs to the following class
Existence and Uniqueness of Solution: Linear Problem
Through the Theory of Semigroup we show the existence and uniqueness of solutions to the following Cauchy problem in R n with n ≥ 1,
where u = u(t, x), with (t, x) ∈ ]0, ∞[×R n and a > 0 is a constant. The exponents of Laplacian δ, α, θ are such that 0 ≤ δ ≤ 2, 0 ≤ α ≤ 2 and 0 ≤ θ ≤ (2 + δ)/2. To show the existence and uniqueness of the solution, we consider two cases depending on the exponents of the Laplacian operators,
and for each case we consider operators that reduced the problem to a first order one. In case (i) we have the operator B 1 : H 4−δ (R n ) × H 2 (R n ) → X and J 1 : X → X are given by
In the second case we consider the operators B 2 : H 4−δ (R n ) × H 2 (R n ) → X and J 2 : X → X are given below,
is the same as in case (i). Using the energy space X = H 2 (R) × H δ (R n ) we can rewrite the problem (3) in matrix form
where U = (u, ∂ t u), U (0) = (u 0 , u 1 ) and the operators B and J adequate for each case.
Using the Lumer Phillips Theorem in A. Pazzy [?], we are going to prove that B is the infinitesimal generator of contraction semigroup of class C 0 in X and that J is a bounded operator in X. Then, B + J generate a semigroup of C 0 class in X. That is, there exist unique global solution for the associated linear Cauchy Problem (3).
Existence and Uniqueness: Semilinear Problem
We consider the following Cauchy problem for the semilinear equation in R n
where u = u(t, x), with (t, x) ∈ ]0, ∞[×R n , a > 0, β = 0 and p > 1 integer. The fractional powers of the Laplacian operator are considered as follows 0 ≤ δ ≤ 2, 0 ≤ α ≤ 2, 0 ≤ θ ≤ (2 + δ)/2 and 1/2 ≤ γ ≤ (2 + δ)/2. As in the linear problem, to study the existence of solutions, we need to divide the problem into two cases as in (4) .
We reduce the order of the Cauchy Problem (5) and rewrite it in the following matrix form
where U = (u, ∂ t u), U 0 = (u 0 , u 1 ) and the operator B is defined in the Section 2 of according to each both cases mentioned above and is the infinitesimal generator of contraction of semigroup of class C 0 in X. The operator F is the operator which contains the non-linear term.
Local Existence
Since B is the infinitesimal generator of contractions semigroup of class C 0 in X, and if we prove that the operator F is well defined as an operator F : D(B) → D(B) and is 4 Lipschitz continuous on bounded sets, then we can apply the Theorem 1.1 to conclude that there exists unique solution U in a maximal interval [0, T m [, for each initial data U 0 ∈ D(B), such that one and only one of the following conditions below is true,
In addition, we have
As is the case (i) of (4) the local existence we must consider the fractional power γ in the following interval 0 ≤ γ ≤ (2 + δ)/2. As in the linear case let us consider the usual energy space X. Consider the system (5) rewrite in matrix form
Thus, we have that F 1 is Lipschitz continuous on bounded sets of D(B 1 ) and due to the fact that B 1 is the infinitesimal generator of contractions semigroup of class C 0 in X by the Theorem 1.1, we get the following theorem of existence and uniqueness of solutions. 
with one and only one of following conditions true,
In the second case (ii) in (4) rewriting the system (5) in the matrix form we have
where U (t) = (u, v) and U 0 = (u 0 , u 1 ) in X and the operators B 2 :
In a similar way to the previous section we can prove, also in this case, that F 2 is well defined and is Lipschitz continuous on bounded sets of D(B 2 ) and a B 2 is infinitesimal generator of a contractions semigroup of class C 0 in X. Then, using again the Theorem 1.1, we conclude the following theorem of existence and uniqueness of solutions.
with one and only one of the following conditions true
Global Existence
In this section we show that the maximal interval of existence in the previous cases is [0, ∞[, by assuming the additional condition γ ≥ α/2. For this, let us assume that T m < ∞ and we will prove U X + BU X < ∞, so we conclude that T m = ∞.
Applying the Fourier Transform in the variable x in the Cauchy Problem (5) we find the following equivalent Cauchy problem in the Fourier space
Using the principle of Duhamel, we know that the solution of the Cauchy Problem (6) is given byû
and we still have to
being that the exponent λ ± has the following form
The following estimates
can be proved in a similar way to estimate in the Lemma 3.6 of Horbach et al. [3] , where
Lemma 3.1. LetĜ(t, ξ) andĤ(t, ξ) fundamental solutions of linear problem associated to problem (6) . Then we have the following estimates,
The proof of the Lemma 3.1 uses the relation (9). Again in case (i) of (4) the estimate of U (t) 2
and u is the solution of (5) given by Theorem 3.2.
In the process of proof we obtain the following inequality
To show that the solution of the Cauchy Problem (5) is global, that is, T m = +∞ we will need the following elementary lemma of calculus. 
We note that the function M 1 (t) is not negative and satisfy a inequality Therefore, if T m is finite, it follows that U 2 X + B 1 U 2 X is also bounded for all t ∈ [0, T m [. This contradicts the condition of Theorem 3.2. So, we must have T m = +∞ and the solution is global. Then there exist only one global solution u = u(t, x) for Cauchy Problem (5) such that
In the second case (ii) of (4) it is shown that a limitation for U 2 X + B 2 U 2 X for all t ∈ [0, T m [, with U = (u, ∂ t u) and u the solution of (5) given by Theorem 3.1. Analogously to the previous case one obtains the following theorem. Then there exist only one global solution u = u(t, x) for Cauchy Problem (5) such that
